Micromagnetic finite element calculations using a magnetic vector potential to treat long-range dipolar interactions describe the interactive magnetization processes which determine the magnetic properties of fine-grained magnetic materials. Micromagnetic models give a quantitative treatment of the correlation between the microstructure and the magnetic properties of melt-spun Nd 2 Fe 14 B magnets and of Co/Pt multilayers. In nanocrystalline permanent magnets, intergrain exchange interactions cause nonuniform magnetic states which increase the remanence and act as nucleation sites. Remanence increases with decreasing grain size. Remanence enhancement of about 15% with respect to noninteracting particles can be achieved for an average grain size Dр20 nm. On the other hand, the nucleation field reduces to about 20% of the anisotropy field. Once a reversed domain has been nucleated, strong internal stray fields cause the expansion of the domain over several grains. The nucleation field of Co/Pt multilayers increases with improving texture. Spatial fluctuations of the magnetocrystalline anisotropy energy create barriers for domain wall motion. The pinning field of reversed domains increases with increasing misalignment and with increasing grain size. The quality of texture and the grain size significantly influence the jaggedness of domains in Co/Pt multilayers. Large grains and strong deviations of the easy directions from the film normal deteriorate the smoothness of domains and increase the transition width.
I. INTRODUCTION
The macroscopic magnetic properties of a ferromagnetic material result from the microscopic arrangements of magnetic moments. The distribution of the magnetization significantly depends on the microstructure and on interparticle interactions. Since micromagnetism describes magnetization processes on a significant length scale of several nanometers, micromagnetic models provide a quantitative treatment of the correlation between the microstructure and the magnetic properties. During the last decade numerical micromagnetics has become an important tool to investigate the effects of microstructural features on the magnetic properties of modern magnetic materials. [1] [2] [3] [4] [5] Generally, numerical micromagnetic models addressed two basic problems: ͑i͒ the calculation of the switching field in particles with nonuniform magnetic ground states, and ͑ii͒ calculation of the effects of interparticle interactions on the magnetic properties. The nonlinear micromagnetic energy functional allows a rigorous calculation of nucleation fields only for ellipsoidal particles. 6 Polyhedral particles show nonuniform demagnetizing fields and in turn exhibit inhomogeneous magnetic states. Bertram and Schabes 7 numerically derived nonuniform reversal modes for a ferromagnetic cube. Assuming a uniform magnetization within the individual particles, Zhu 1,2 and Fukunaga 8 studied the effects of interparticle interactions on the magnetic properties in magnetic recording media and in permanent magnets, respectively. This work reviews micromagnetic concepts for the calculation of interaction effects while taking care of nonuniform magnetic states within single particles. In order to model magnetic inhomogeneities, each particle has to be divided into smaller finite elements. On the other hand, collective processes can only be observed for a sufficiently high number of particles. The concurrent modeling of nonuniform magnetic states and of interparticle interactions requires a considerably high number of variables. For large-scale problems the direct evaluation of the stray field energy becomes impracticable, since the demagnetizing field at a given point depends on the magnetization at all grid points. Introducing a magnetic scalar or a magnetic vector potential eliminates long-range terms from the micromagnetic energy functional. 9 Section II describes the micromagnetic and numerical background of the simulation model. Section III treats the magnetization reversal process in nanocrystalline Nd 2 Fe 14 B magnets. Section IV presents three-dimensional calculations of the magnetic properties and the domain structures in Co/Pt multilayers.
II. NUMERICAL MICROMAGNETICS FOR LARGE PARTICLE SYSTEMS
A theoretical treatment of magnetization processes starts from the total magnetic Gibb's free energy. If one neglects magnetoelastic effects, the magnetic Gibb's free energy ⌽ t of a ferromagnetic specimen in an applied field is the sum of the exchange energy, the magnetocrystalline anisotropy energy, the stray field energy, and the magnetostatic energy of the magnetic polarization J s in an external field H ext :
͑1͒
For uniaxial magnetic materials, where the direction of J s may be described by the angle ␣ between J s and the easy axis the energy contributions are given by
Here 
For any arbitrary continuous vector A which decays at infinity at least as fast as 1/r, the last term of Eq. ͑6͒ is an upper bound for the stray field energy. The minimization of Eq. ͑6͒ with respect to J s and A leads to local minima which are in one to one correspondence to those of the total magnetic Gibb's free energy ͑1͒ and makes A equal to the actual magnetic vector potential.
Since the functional W͓J s ,"ϫA͔ depends only on local variables and their derivatives, its minimization can be easily performed within the framework of the finite element method. Fredkin and Koehler 12 originally applied a magnetic vector potential in micromagnetic finite element calculations, in order to investigate magnetization processes in irregular shaped particles.
In a similar way, a magnetic scalar potential can be used to eliminate long-range terms from the total magnetic Gibb's free energy. However, introducing a magnetic scalar potential leads to a saddle-point problem. Generally, mixed type finite element methods associated with saddle point problems are numerically unstable unless special discretization schemes are applied. 13 For the investigation of melt-spun magnets, we assume a geometry where the easy axes of the grains as well as the magnetization are constrained to a plane. The magnetization is taken to be uniform in the direction perpendicular to this plane. Because of translation symmetry along the direction perpendicular to the plane containing the easy axes, only in plane magnetization processes need to be considered. The magnetic polarization and the demagnetizing field depend only on two Cartesian coordinates. Therefore, the vector potential A reduces to a one component potential. Reference calculations in three dimensions show that this twodimensional model is valid for nanocrystalline magnets. 14 The linear interpolation of magnetization angles and of the magnetic vector potential on triangular finite elements gives an algebraic minimization problem. A preconditioned quasi-Newton conjugate gradient method 15 solves for the magnetization and the magnetic vector potential simultaneously at all nodal points of the finite element mesh. The hysteresis properties directly result from subsequent minimum energy solutions for decreasing and increasing applied fields. 16 The last term of Eq. ͑6͒ is an integration over the whole space which is evaluated using the ''parallelepipedic shell transformation'' proposed by Brunotte, Meunier, and Imhoff. 17 This bijective transformation maps the external space into a shell enclosing the parallelepipedic interior domain. Details of the implementation of this transformation in a three-dimensional micromagnetic finite element code are given in Ref. 18 . In two-dimensional calculations the vector potential reduces to a one component potential Aϭ(0,0,A z ) and thus all terms associated with A x , A y , vanish. In order to validate the method, the authors calculated the stray field energy of a uniformly magnetized cube and the nucleation fields of ellipsoidal particles. The relative error in the stray field energy was found to be less than 2%. 18 The same accuracy was obtain for the nucleation fields of ellipsoids in three-dimensional calculations and for the nucleation fields of infinitely extended elliptic cylinders in two-dimensional calculations. Since the nucleation field of ellipsoids depends on the shape anisotropy, these results verify the stray field calculation using a magnetic vector potential and a spatial transformation to treat the external space.
Special finite elements are used to model the multilayer structure in Co/Pt multilayer recording media. Such special elements take into account the energy but have no volume. 19 Thus, ill-conditioned matrices due to poor aspect ratio volume elements can be avoided. Since a Co layer contains only two atomic layers, the magnetization is assumed to be constant in the direction of the film normal. The stray field energy of the Pt layer can described in the very same way as the energy of a thin air gap in magnetostatic finite element calculations. 19 The use of this technique is justified, because the Pt-layer thickness is considerably smaller than the domain width which is in the order 200 nm.
20 Figure 1 summarises the approximations due to the use of special finite elements for modeling Co/Pt multilayer systems. In order to reduce the number of unknowns, the incomplete gauge formulation, 21 A-zϭ0 ͑z is the film normal͒, is used. For the calculations periodic boundary conditions are applied at the edges of a quadratic sample. A coordinate transformation in the direction of the film normal maps the exterior space onto some additional layers that account for the stray field energy in the exterior space.
III. NANOCRYSTALLINE Nd 2 Fe 14 B MAGNETS
In nanocrystalline permanent magnets the grain diameter approaches the order of the domain wall width. Thus, the magnetization of several grains becomes strongly correlated increasing the remanence with respect to noninteracting particles. Several authors [22] [23] [24] reported an enhanced remanence in melt-spun Nd-Fe-B magnets being composed of nanocrystalline homogeneous grains without any nonmagnetic phases separating adjacent grains. Owing to intergrain exchange interactions the remanence considerably exceeds the value J r ϭJ s ͗cos ͘,
͑7͒
given by the Stoner-Wohlfarth theory 6 for noninteracting particles. Here, is the angle between the saturation direction and the easy axes and ͗ ͘ denotes an ensemble average. According to Eq. ͑7͒ J r /J s ϭ0.5 for an assembly of noninteracting, randomly oriented particles, whereas J r /J s is 2/ ϭ0.64 for microstructures with in plane random texture.
Modeling of the solidification process yields realistic two-dimensional microstructures of melt-spun Nd-Fe-B magnets. 25 The particles of randomly oriented easy axes are coupled by short-range exchange and long-range magnetostatic interactions. For calculations the material parameters of Nd 2 Fe 14 B at Tϭ300 K ͓K 1 ϭ4. axis can increase the remanence. Therefore, the remanence of nanocrystalline permanent magnets deteriorates with increasing grain size. The enhancement of the remanence with respect to noninteracting particles changes from 22% to 6%, as the average grain diameter varies between 10 and 40 nm. Figure 3 compares the demagnetization curves for increasing grain size. The coercive field varies in the range from H c ϭ0.29ϫ͑2 K 1 /J s ͒ to H c ϭ0.26ϫ͑2 K 1 /J s ͒ and thus is significantly smaller than the Stoner-Wohlfarth value of 0.48 ͑2 K 1 /J s ͒. Whereas the demagnetization curve for a mean grain size of Dϭ10 nm shows several small steps, the steps become larger with increasing grain size. Intergrain exchange interactions and strong demagnetizing fields at sharp corners initiate magnetization reversal in the vicinity of the grain boundaries. 27 For an average grain size of 10 nm, the stray field energy and the exchange energy are approximately equal in magnitude. Magnetization reversal remains localised despite strong demagnetizing fields near the boundary of reversed domains, because the reversal of neighboring grains requires to overcome an energy barrier due to the exchange energy. The exchange energy decreases with increasing grain size reaching only 30% of the stray field energy for Dϭ40 nm. Magnetization reversal may take place at less expense of exchange energy and thus strong demagnetizing fields easily expand reversed domains. Figure 4 compares stable equilibrium states at different external field for Dϭ10 nm and Dϭ40 nm.
IV. Co/Pt MULTILAYERS
Co/Pt multilayer structures are excellent candidates for high-density magneto-optic recording media. 28 Besides Lorentz electron microscopy, 29 micromagnetic modeling reveals the effects of microstructural features on the magnetic properties of Co/Pt multilayers. Figure 5 characterizes the structural properties of the multilayer system used for the calculations. The graphs show the cross section of the multilayer, the distribution of perpendicular anisotropy, and the grain structure. The maximum deviation angle between the easy axis and the film normal is a measure for the texture. The grains in different layers match in the film normal. Both, easy directions and perpendicular anisotropy constants vary from grain to grain and from layer to layer. The shape of each layer is rectangular. Periodic boundary conditions are applied. The polarization of Pt atoms next to the Co layers increases the magnetic polarization per unit volume Co by about 30%. 30 A nonvanishing magnetic polarization in the Pt layers gives rise to weak interlayer exchange coupling in addition to magnetostatic interactions. Table I summarizes the material properties used for the simulations. show a step decrease at the nucleation field owing to the formation of reversed domains. As the domain wall pinning becomes the governing mechanism, magnetization reversal proceeds with a finite slope of the demagnetization curve. The nucleation field decreases from sample A to C. Both, increasing misalignment and increasing grain size cause a slight reduction of the nucleation field. Spatial fluctuations of the magnetocrystalline anisotropy energy from grain to grain hinder domain wall motion. The pinning field of domain walls increases with decreasing quality of texture and with increasing particle size. Figure 7 compares the domain patterns of samples A, B, and C at different applied fields. Magnetization reversal starts at few nucleation sites. The successive expansion of reversed domains significantly lowers the stray field energy. Numerical calculations for sample B show that an initially reversed domain of about 10 nm diam leads to the growth of an almost circular domain with an extension of 240 nm. The jaggedness of domain walls significantly depend on the quality of texture and the grain size. Figure 8 shows numerically calculated bubble domains for samples A, B, and C. The equilibrium magnetic states have been calculated starting from an initially reversed magnetization within a cir- 
V. CONCLUSION
A finite element method using a vector potential to treat long-range dipolar interactions proved to be effective in calculating interactive and cooperative magnetization processes in fine-grained magnetic materials. Nucleation of reversed domains and subsequent domain wall motion determines the hysteresis properties of melt-spun Nd 2 Fe 14 B magnets and Co/Pt multilayers. In nanocrystalline permanent magnets intergrain exchange interactions enhance the remanence and initiate magnetization reversal under the influence of an external field. In Co/Pt multilayers only few nucleation sides are sufficient to form reversed domains with an extension in the order of 300 nm. The pinning field of domains increases with decreasing quality of texture and with increasing grain size. FIG. 8 . Microstructural properties and domain jaggedness in Co/Pt multilayers. Left-hand side: calculated bubble domains for the multilayer structures A ͑top row͒, B ͑middle row͒, and C ͑bottom row͒. Right hand side: averaged wall profiles ͑solid line͒ and standard deviation of the magnetization ͑dashed line͒.
